Abstract. We concern C 2 -compactness of the solution set of the boundary Yamabe problem on smooth compact Riemannian manifolds with boundary provided that their dimensions are 4, 5 or 6. By conducting a quantitative analysis of a linear equation associated with the problem, we prove that the trace-free second fundamental form must vanish at possible blow-up points of a sequence of blowing-up solutions. Together with the positive mass theorem, we conclude the C 2 -compactness holds for all 4-manifolds (which may be non-umbilic). For 5-and 6-manifolds, we also prove that the C 2 -compactness is true if the trace-free second fundamental form on the boundary never vanishes.
Introduction
Let (M, g) be an N -dimensional (N ≥ 3) smooth compact Riemannian manifold with boundary ∂M . Let also ∆ g be the Laplace-Beltrami operator on M , R[g] the scalar curvature on M , ν the inward normal vector to ∂M , and H[g] be the mean curvature of ∂M . In [21] , Escobar asked if (M, g) can be conformally deformed to a scalar-flat manifold with boundary of constant mean curvature. This problem, which we will call the boundary Yamabe problem, can be understood as a generalization of the Riemann mapping theorem and is equivalent to finding a positive smooth solution to a nonlinear boundary value problem with critical exponent L g U = 0 in M,
Here L g is the conformal Laplacian and B g is the associated conformal boundary operator defined as
and Q(M, ∂M ) is a constant whose sign is determined by the conformal structure of M . Weak solutions to (1.1) correspond to critical points of the functional
Thanks to the effort of several researchers, the existence of a solution to (1.1) is now wellestablished: Escobar [21, 23] , Marques [41, 42] , Almaraz [1] and Chen [11] found a minimizer of the functional Q for almost all manifolds. By applying the barycenter technique of Bahri and Coron, Mayer and Ndiaye [33] covered all the remaining cases. Regularity property of (1.1) was investigated by Cherrier [12] .
Concerning multiplicity of solutions to (1.1), the only interesting case is when Q(M, ∂M ) > 0. If Q(M, ∂M ) < 0, the conformal covariance of the operators L g and B g shows that (1.1) has only one solution. If Q(M, ∂M ) = 0, it is a linear equation and its solution is unique up to positive multiplicative constants. On the other hand, the case that M is conformally equivalent to the unit ball B N (so that Q(M, ∂M ) = Q(B N , ∂B N ) > 0) is special, and the solution set of (1.1) was completely classified thanks to the works of Escobar [20] and Li and Zhu [38] ; see Subsection 2.2.
In about two decades, several results on C 2 (M )-compactness of the solution set of (1.1) appeared under the assumption that Q(M, ∂M ) > 0. Felli and Ould Ahmedou [24, 25] deduced compactness results for locally conformally flat manifolds and 3-manifolds provided that their boundaries are umbilic. Very recently, the umbilicity condition was lifted for 3-manifolds by Almaraz et al. [5] . If the dimension N of the manifold M satisfies N ≥ 7 and the trace-free second-fundamental form on ∂M does not vanish, the result of Almaraz [2] shows that the C 2 (M )-compactness continues to hold. If either N > 8 and the Weyl tensor of M never vanishes on ∂M , or N = 8 and the Weyl tensor of ∂M never vanishes on ∂M , the C 2 (M )-compactness is still true for manifolds with umbilic boundary, as shown by Ghimenti and Micheletti [26] .
Compactness results for other boundary Yamabe-type problems can be found in Han and Lin [29] , Djadli et al. [16, 17] , Disconzi and Khuri [15] , and so on. By using the compactness property, Cádenas and Sierra [10] also yielded uniqueness of solutions to (1.1) for some manifolds whose metrics are non-degenerate.
As far as the authors know, compactness results on (1.1) have been known only for manifolds of dimension N = 3 or N ≥ 7, unless manifolds are locally conformally flat. The main purpose of this paper is to treat generic manifolds of dimension N = 4, 5 and 6. Theorem 1.1. For N = 4, 5, 6, let (M, g) be an N -dimensional smooth compact Riemannian manifold with boundary ∂M such that Q(M, ∂M ) > 0 and M is not conformally equivalent to the unit ball B N . If N = 5, 6, we also assume that the trace-free second-fundamental form never vanishes on ∂M . Then, for any ε 0 > 0 small, there exists a constant C > 1 depending only on M, g and ε 0 such that
with p ∈ [1 + ε 0 , N N −2 ]. As can be observed in Theorem 1.1, we will deal with a slightly generalized equation (1. 2) compared to (1.1). We leave two remarks for the theorem. Remark 1.2. The key idea of our main theorem is to perform a fine analysis of associated linearized equations with (1.2) in order to establish that the trace-free second fundamental form mush vanish at possible blow-up points of a sequence of blowing-up solutions. Interestingly, this process is somehow related to the way that Marques [42] constructed test functions in his existence theorem for (1.1) on low-dimensional manifolds with non-umbilic boundary. Indeed, his test functions consist of not only truncated bubbles but also some additive correction terms. This is a distinctive feature of the boundary Yamabe problem compared with the classical one.
We provide some possible settings where our argument can be further applied.
(1) Based on the existence results of Marques [41] and Almaraz [1] for (1.1) on manifolds with umbilic boundary, we expect that one can lower the threshold dimension 8 in the aforementioned compactness theorem of Ghimenti and Micheletti [26] to 6. (2) As a matter of fact, the boundary Yamabe problem can be seen as the special case of the fractional Yamabe problem where the symbol of the differential operator is the same as that of the half-Laplacian. In [32] , we proved that the solution set of the fractional Yamabe problem is C 2 -compact on conformal infinities of asymptotically hyperbolic manifolds, under the assumptions that the dimension is sufficiently high and the second-fundamental form never vanishes. In view of our existence result [31] , we expect that the compactness result holds for conformal infinities of dimension ≥ 4 as far as the same geometric condition is maintained. (3) To examine stability issue under small perturbation of (1.1), Ghimenti et al. [27, 28] constructed blowing-up solutions when the linear perturbation of the mean curvature on the boundary is strictly positive everywhere; see also Deng et al. [14] where analogous results were derived in the setting of the fractional Yamabe problem. In building suitable approximation solutions, they had to analyze an associated linearized equation with (1.1) which is essentially the same as ours. Due to this reason, their results require some dimensional assumptions. Our method can allow one to treat lowerdimensional cases. We ask the reader to look at Sections 4 and 5 for more description of our ideas. Remark 1.3. Our strategy follows the argument in the lecture note [43] of Schoen where he raised the question of C 2 -compactness of the solution set of the classical Yamabe problem and resolved it for locally conformally flat manifolds. It has been further developed by Li and Zhu [39] , Druet [18] , Marques [40] , Li and Zhang [36, 37] and Khuri et al. [30] . Furthermore, Li [34] and Li and Xiong [35] studied compactness results of the Q-curvature problem, which is the fourth-order analogue of the Yamabe problem.
Once Theorem 1.1 is established, one can deduce the existence of a solution to (1.1) by applying the standard Leray-Schauder degree argument as in [24, 29] . There should exist the strong Morse inequality in our framework as in [30, Theorem 1.4] .
See also Remark 7.4 where we compare our theorem and the corresponding result [40] for the classical Yamabe problem.
In [3] , Almaraz constructed manifolds with umbilic boundary of dimension N ≥ 25 on which the solution set of (1.1) is L ∞ -unbounded (in particular, C 2 -noncompact). In view of the full compactness result of Khuri et al. [30] and the non-compactness results of Brendle [8] and Brendle and Marques [9] for the classical Yamabe problem, a natural expectation is that the solution set of (1.1) is C 2 -compact for all manifolds of dimension N ≤ 24 under the validity of the positive mass theorem. However, although Schoen's arugment in [43] works in principle (as the previous results and our theorem indicates), achieving this seems a quite difficult task.
To establish the C 2 -compactness result for general manifolds of high dimension, we must prove that the trace-less second fundamental form and the Weyl tensor vanish up to some high order at each blow-up point. This requires a very accurate pointwise estimate of blowing-up solutions, which can be achieved only if one has a good understanding of linearized equations. In the analysis on the classical Yamabe problem, Khuri et al. [30] observed that solutions of their linearized problems can be written explicitly in the form of rational functions. Unfortunately, the boundary Yamabe problem seems not to have a similar property.
On the other hand, we may also need a quite precise control of the Green's function G of the conformal Laplacian with Neumann boundary condition; see (2.17) of its definition. In our analysis, we only need a rough control of G (described in Lemma 2.4) as in the proof of the compactness theorem for 3-dimensional manifolds [5] .
The rest of the paper is organized as follows:
-In Section 2, we recall some analytic and geometric tools which we need throughout the proof of Theorem 1.1. These include the expansion of the metric in Fermi coordinates, definition of the bubbles, a local Pohozaev's identity and the positive mass theorem on asymptotically flat manifolds with boundary. -In Section 3, we characterize blow-up points of solutions to (1.2) and provide basic qualitative properties of solutions near blow-up points. -In Section 4, we study a linearized equation associated with (1.2) arising from the first-order expansion of the metric. In order to treat low-dimensional manifolds, we need to understand its solution more precisely than higher-dimensional cases. For this aim, we decompose the solution into two pieces and analyze them quantitatively. This is the key part of our idea for the proof. We also perform a refined blow-up analysis. -In Section 5, we carry out the proof of the vanishing theorem of the trace-free second fundamental form at any isolated simple blow-up point. This is based on the quantitative analysis of the linearized equation conducted in the previous section. -In Section 6, employing the vanishing theorem, we prove a local Pohozaev sign condition that guarantees that every blow-up point is isolated simple. -In Section 7, by applying the positive mass theorem, we conclude that the solution set of (1.2) is C 2 -compact for all 4-manifolds unless it is conformally equivalent to the unit ball. For 5-or 6-manifolds, we also show that the C 2 -compactness of the solution set holds provided that the trace-free second fundamental form on the boundary never vanishes. -In Appendix A, we provide technical arguments regarding the two pieces of the solutions to the linearized equation to (1.2).
To elucidate our method, we will omit most of the proofs of intermediate results which closely follow those of the corresponding ones in similar settings, leaving appropriate references instead.
Notations.
We often identifyx ∈ R n and (x, 0) ∈ ∂R N + .
-We will sometimes use
-Given x ∈ R N + ,x ∈ R n and r > 0, let B N + (x, r) be the N -dimensional upper half-ball centered at x of radius r, and B n (x, r) the n-dimensional ball centered atx of radius r. We often identify B n (x, r) and
-S represents a surface measure. Its subscript x orx denotes the dependent variables.
-|S n−1 | is the surface area of the unit (n − 1)-sphere S n−1 .
-The metric h on the boundary ∂M of the Riemannian manifold (M, g) is the restriction of the metric g to ∂M .
-For any y ∈ ∂M and r > 0 small, B g (y, r) and B h (y, r) stand for the geodesic half-ball on (M, g) and the geodesic ball on (∂M, h), respectively. Also, d g is the distance function on (M, g).
-The Einstein summation convention for repeated indices is adopted throughout the paper. Unless otherwise stated, the indices i, j, k, l, m and s always range over values from 1 to n, while a, b, c and d take values from 1 to N . Also, δ ab is the Kronecker delta. -For an r-tensor T , we write
where S r is the symmetric group over a set of r symbols.
β, β ′ and β ′′ also denote multi-indices.
-The letter C denotes a generic positive constant that may vary from line to line.
Preliminaries
2.1. Metric expansion and conformal coordinates. Fix a point y * ∈ ∂M . For any y ∈ ∂M near y * , letx = (x 1 , · · · , x n ) ∈ R n be normal coordinates on ∂M (centered at y * ) of y. Denote by ν(y) the inward normal vector to ∂M at y. We say that x = (x, x N ) ∈ R N + is Fermi coordinates on M (centered at y * ) of the point exp y (x N ν(x)) ∈ M .
In Lemma 2.2 of Marques [41] , the following expansion of the metric g near y * was given.
Lemma 2.1. In Fermi coordinates centered at y * ∈ M , it holds that
N . Every tensor in the expansion is evaluated at y * and commas denote covariant differentiation.
The next lemma describes the existence of conformal coordinates. Refer to Propositions 3.1 and 3.2 of [41] . Lemma 2.2. For given a point y * ∈ M and an integer κ ≥ 2, there exists a metricg on M conformal to g such that detg(x) = 1 + O(|x| κ ) (2.1) ing-Fermi coordinates centered at y * . In particular,
Moreover,g can be written asg = ω 4 N−2 g for some positive smooth function w on ∂M such that w(y * ) = 1 and ∇w(y * ) = 0.
2.2.
Bubbles in the Euclidean half-space. Assume that N ≥ 3. For λ > 0 and ξ ∈ R n , let a bubble W λ,ξ be a function defined as
which is an extremal function of the Sobolev trace inequality
N−2 (R n ); see Escobar [19] . According to Li and Zhu [36] , any solution to the boundary Yamabe problem
must be a bubble. Note that a sequence {W 1 n ,0 } n∈N of bubbles exhibits a blow-up phenomenon as n → ∞, and in particular, the family of all bubbles is not L ∞ (R N + )-bounded. Furthermore, Dávila et al. [13] proved that the solution space of the linear problem
where w λ,ξ (x) = W λ,ξ (x, 0) on R n , is spanned by
It turns out that it is more convenient to deal with the following form of the equation
than (1.2). Indeed, by the conformal covariance property of the operators L g and B g , the 
as m → ∞, and g 0 is a metric on M .
2.4.
Pohozaev's identity. In the analysis of blowing-up solutions, we shall rely on the following version of local Pohozaev's identity. For its derivation, see Proposition 3.1 of [2] .
and
where ν is the inward unit normal vector with respect to ∂ I B N + (0, ρ). Then we have
for all ρ ∈ (0, ρ 1 ). The version of the positive mass theorem which we will apply in this paper is summarized in the following lemma. This is a combination of Propositions 3.5 and 3.6, and Section 7 of [5] .
) be an N -dimensional smooth compact Riemannian manifold with boundary which is not conformally equivalent to the unit ball. Fix any y 0 ∈ M . Suppose that we have the following metric expansion
in Fermi coordinates centered at y 0 . 1 Assume also that G is a smooth positive function on
1 Estimate (2.12) is needed in the proof of Proposition 3.6 of [5] . Using the symmetry of the tensor A ab which we use, we will directly check its validity in Lemma 7.2.
in the same coordinates, where φ is a smooth function on M \ {y 0 } satisfying
) is asymptotically flat with the mass m 0 and
where P ′ is the function defined in (2.7). Furthermore, if
then m 0 > 0 and so the right-hand side of (2.15) is negative.
In particular, we will choose G as the normalized Green's function G y 0 of the conformal Laplacian with Neumann boundary condition with pole at y 0 , that is, the solution of
Here, δ y 0 is the Dirac measure centered at y 0 ∈ M . More explanation will be given in Section 7.
3. Basic properties of blow-up 3.1. Characterization of blow-up points. We recall the notion of blow-up, isolated blowup and isolated simple blow-up. By virtue of Proposition 3.2, it is enough to consider when the blow-up occurs near a point on the boundary. The version we will use here is identical to those in [2, 5] .
Definition 3.1. Pick a small number ρ 1 > 0 such that g m -Fermi coordinates centered at y ∈ ∂M is well-defined in the closed geodesic half-ball B N + (y, ρ 1 ) ⊂ M for every m ∈ N and y ∈ ∂M .
(1) y 0 ∈ ∂M is called a blow-up point of a sequence {U m } m∈N in H 1 (M ) if there exists a sequence of points {y m } m∈N ⊂ ∂M such that y m is a local maximum of U m | ∂M satisfying that U m (y m ) → ∞ and y m → y 0 as m → ∞. For the sake of brevity, we will often say that y m → y 0 is a blow-up point of {U m } m∈N .
(2) y 0 ∈ ∂M is an isolated blow-up point of {U m } m∈N if y 0 is a blow-up point such that
We say that an isolated blow-up point y 0 of {U m } m∈N is simple if there exists a number ρ 3 ∈ (0, ρ 2 ] such that U m possesses exactly one critical point in the interval (0, ρ 3 ) for large m ∈ N.
Hereafter, we always assume that U m ∈ H 1 (M ) is a solution to (2.5) with p = p m , g = g m and f m = 1 for each m ∈ N. For simplicity, we will just say that {U m } m∈N is a sequence of solutions to (2.5). We also assume that y m → y 0 ∈ ∂M is a blow-up point of {U m } m∈N . Set 3.2. Basic properties of blowing-up solutions. Firstly, we study asymptotic behavior of a sequence {U m } m∈N of solutions to (2.5) near blow-up points. It can be proved as in e.g. Proposition 1.1 of [29] or Proposition 3.2 of [24] .
. Given arbitrary small ε 1 > 0 and large R > 0, there are constants C 0 , C 1 > 0 depending only on (M N , g), ε 0 , ε 1 and R such that if U ∈ H 1 (M ) is a solution to (1.2) with the property that max M U ≥ C 0 , then N N −2 − p < ε 1 and U | ∂M possesses local maxima y 01 , · · · y 0N ∈ ∂M for some integer N = N (U ) ≥ 1, for which the following statements hold:
Secondly, we discuss behavior of a sequence of solutions {U m } m∈N to (2.5) near isolated blow-up points. The next lemma can be proved as in e.g. Proposition 1.4 of [29] or Lemma 2.6 of [24] . 
in g m -Fermi coordinates centered in y m and R m ǫ ℓm → 0 as m → ∞.
Therefore, we can select {R m } m∈N and {U ℓm } m∈N satisfying (3.2) and R m ǫ ℓm → 0. In order to simplify notations, we will use {U m } m∈N instead of {U ℓm } m∈N , and so on.
The following result is a simple consequence of Lemma 3.3 with the selection τ m = 1 2 w 1,0 (R m ). Its proof is given in Corollary 3.6 of [32] . Corollary 3.4. Suppose that y m → y 0 ∈ ∂M is an isolated blow-up point of a sequence {U m } m∈N of solutions to (2.5).
(1) If { U m } m∈N is a sequence of solutions to (2.6) constructed as in Subsection 3.1, then y m → y 0 ∈ ∂M is an isolated blow-up point of { U m } m∈N .
(2) The function U m in (3.1) has exactly one critical point in the interval (0, R m ǫ m ) for large m ∈ N. In particular, if the isolated blow-up point y 0 ∈ ∂M of {U m } m∈N is also simple, then U ′ m (r) < 0 for all r ∈ [R m ǫ m , r 3 ); see Definition 3.1 (3).
Thirdly, we examine how a sequence {U m } m∈N of solutions to (2.5) behaves near isolated simple blow-up points. See Proposition 4.3 of [2] for its proof.
Proposition 3.5. Assume that N ≥ 3 and y m → y 0 ∈ ∂M is an isolated simple blow-up point of a sequence {U m } m∈N of solutions to (2.5), and { U m } m∈N is a sequence of solutions to (2.6) constructed as in Subsection 3.1. Then there exists C > 0 and ρ 4 ∈ (0, ρ 3 ) independent of m ∈ N such that
for ℓ = 0, 1, 2 and
and δ 0 is the Dirac measure centered at 0 ∈ R N + . Also,
4. Linear problems and refined blow-up analysis 4.1. Linear problems. In this subsection, we study the linear problem
which arises from the first-order expansion of the metric on M ; see Lemma 2.1. Here, ǫ > 0 is a small parameter, W 1,0 is the function defined in (2.3), w 1,0 (x) = W 1,0 (x, 0) forx ∈ R n , and π is a trace-free symmetric 2-tensor (that is, n × n-matrices).
Proposition 4.1. Suppose that N ≥ 3. There exists a smooth solution Ψ to (4.1) and a constant C > 0 depending only on N such that
for any ℓ ∈ N ∪ {0}, 
satisfying (4.2)-(4.3) for some constant C > 0 depending only on N (thereby being independent of Λ > 0). Now, we choose a sequence {Λ m } m∈N of positive increasing numbers which diverges to ∞. By the standard elliptic estimates, we may assume that the sequence {Ψ Λm } m∈N of solutions to (4.4) with Λ = Λ m converges to a smooth solution Ψ to (4.1) in C 2 loc (R N + ). In particular, Ψ satisfies (4.2)-(4.3). For a better understanding of the function Ψ, we decompose it into two pieces: The first part Φ is a rational function with parameters a 1 , a 2 ∈ R whose Laplacian is the same as that of Ψ in R N + , whose precise form is given in Lemma 4.3. The second part Ξ is a harmonic function with prescribed boundary condition, which is described in Lemma 4.5. The proof of the lemmas are postponed until Appendix A.
Remark 4.4. The function Φ in (4.5) and the correction term ψ ǫ defined in Page 387 of Marques [42] share a similar pointwise behavior. However, Φ have two degrees of freedom on the coefficients, while ψ ǫ has only one.
We prove an auxiliary lemma that comes from the mountain pass structure of the fractional Yamabe problem in R N + . It will used in the proof of Proposition 5.1 for N = 5 and 6.
Lemma 4.6. For N ≥ 5, it holds that Ξ ∈ D 1,2 (R N + ) and
Proof. By One can now argue as in the proof of Lemma 4.5 of [14] to deduce the validity of (4.9). Here we provide a more direct proof. Define the energy functional J of (2.4) as
and the Nehari manifold M associated with J as
where U + = max{U, 0}. Then J is a functional of class C 2 , M is a C 1 -Hilbert manifold and W 1,0 ∈ M. Moreover, the tangent space
In particular, (4.10) implies that Ξ ∈ T W 1,0 M. By Theorem 1.1 of [19] ,
which is (4.9). Then there exists C > 0 and ρ 5 ∈ (0, ρ 4 ] independent of m ∈ N such that
for ℓ = 0, 1, 2.
For N ≥ 5, the proposition was proved in Proposition 6.1 of [2] and Proposition 4.2 of [32] . Also, a slight modification of the arguments in [2, 32] shows that it also holds for N = 4. Check Proposition 5.3 of [5] where its 3-dimensional version was derived.
Vanishing theorem of the trace-free second fundamental form
In this section, we prove that the trace-free second fundamental form must vanish at an isolated simple blow-up point of blowing-up solutions provided that N ≥ 4. 
Thus, employing Pohozaev's identity (2.9), one can write
where P is the function defined in (2.8)
The left-hand side of (5.2) involves with the boundary integrals only. By (3.3), (3.4) and (4.11), there exists a constant C > 0 independent of m ∈ N and ρ ∈ (0, ρ 5 ] such that
The right-hand side of (5.2) involves with the interior integrals. We can take ρ so small that P 2m V m , ρǫ
Also, choosing κ ≥ 2 in (2.1), we may assume that the second integral in the right-hand side of (5.3) is bounded by
see the derivation of (7.2) below. Hence, by fixing ρ small enough and invoking (4.12), we get
where
and Ψ m is the solution of (4.1) with ǫ = ǫ m and π = π m . To estimate (5.6), we divide the cases according to the dimension N . We examine the case N = 5 first, N = 6 second, and N = 4 at last.
Case N = 5: By putting n = 4 and γ = 1 2 in (5.9) of [32] , one can compute that
Besides, it was shown in (5.10) of [32] that
). However, it is not enough to deduce the proposition because C 1 < 0. We will improve the estimate in the next result.
Lemma 5.2. It holds that
Proof. We see from Derivation of (5.10) of [32] that
where Φ m and Ξ m are defined by (4.5) and (4.7) with ǫ = ǫ m and π = π m , and so
On the other hand, by testing Ξ m in (4.1), we obtain 2ǫ m (π m ) ij
Testing Φ m in (4.7), we find
where q m is the function defined by (4.8) with ǫ = ǫ m and π = π m . Thus it follows from (4.9) that 2ǫ m (π m ) ij
Combining (5.10) and (5.11), we obtain
By applying (4.5), we evaluate 2ǫ m (π m ) ij
Putting (5.12)-(5.14), we deduce (5.9).
Corollary 5.3. It holds that
Proof. From (5.8) and (5.9), we conclude that Hence the assertion follows.
Completion 
Choosing the parameters a 1 = − 128 7 and a 2 = 544 35 , we get Corollary 5.5. It holds that
From this, the desired result (5.1) for N = 6 follows.
Case N = 4: Because of the integrability issue on W 1,0 , the computation becomes a little bit trickier than before. Especially, it turns out that the terms involving a 1 and a 2 contribute nothing. This is because the integrals involving them are O(ǫ 2 m ), while the main order of
. Hence we set a 1 = a 2 = 0. Lemma 5.6. It holds that
Proof. Lemma 2.2 and the Gauss-Codazzi equation implies that
m ). From this, Lemma 2.1 (more precisely, Lemmas 3.1 and 3.2 of [21] ) and (5.7), we find that
On the other hand, since
Moreover,
, from which we deduce that Unlike the cases N = 5 and 6, we do not exploit the mountain pass structure of the boundary Yamabe problem in R N + . Instead, we use the integrability (or the decay property) of the functions involving the problem.
We define
(5.21) for δ small, which resembles the modified correction term ψ ǫ,δ defined in Page 400 of [42] . If δ = 0, the function Φ δ is reduced to Φ in (4.5) with a 1 = a 2 = 0. Let also Ξ δ = Ψ − Φ δ where Ψ is the solution of (4.1). Then it satisfies
Lemma 5.7. It holds that
Proof. Let Φ m,δ be the function Φ δ in (5.21) with ǫ = ǫ m and π = π m . Set Ξ m,δ and q m,δ in an analogous manner. By (4.5) and (4.2) of [32] , it holds that
Integrating by parts, and employing (5.24),
we calculate that
On the other hand, by testing Ξ m,δ in (4.1) and applying (5.24) once more, we obtain
Also, testing Φ m,δ in (5.22) shows
Consequently,
Combining (5.25) and (5.26), we obtain 
and Corollary 5.8. It holds that 
This implies that Proposition 5.1 holds for N = 4.
Local sign restriction and set of blow-up points
Under the validity of Proposition 5.1, we derive the local sign restriction of the function P.
Proposition 6.1. Assume that N ≥ 4 and y m → y 0 ∈ ∂M is an isolated simple blow-up point for the sequence {U m } m∈N to the solutions to (2.5). Then, given m ∈ N large and ρ > 0 small, there exist constants C 0 ≥ 0 and C 1 , C 2 , C 3 > 0 independent of m and ρ such that (1) for N ≥ 5 and (1) for N = 4, ing m -Fermi coordinates centered in y m . Here, P ′ is the function defined in (2.7), η > 0 is an arbitrarily small number and ǫ
Proof. If N ≥ 5, the proof follows the same lines as that of Lemma 6.1 in [32] ; cf. Theorem 7.2 of [2] . Slightly modifying the argument, one can also establish the inequality for N = 4. Here we allow the possibility that π[g 0 ](y 0 ) = 0 as opposed to [32] . Thus we cannot exclude that C 1 = 0.
From the previous proposition, we conclude the following results. It can be derived as in Section 6 of [32] .
Lemma 6.2. Assume that N ≥ 4, and y 0 ∈ ∂M is an isolated blow-up point for the sequence {U m } m∈N to (2.5). Then it is an isolated simple blow-up point of {U m } m∈N .
Proposition 6.3. Assume the hypotheses of Theorem 1.1. Let ε 0 , ε 1 , R, C 0 and C 1 be positive numbers in the statement of Proposition 3.2. Suppose that U ∈ H 1 (M ) is a solution to (2.5) and {y 1 , · · · , y N } is the set of its local maxima on ∂M . Then there exists a constant C 2 > 0 depending only on (M, g), N , ε 0 , ε 1 and R such that if
In particular, the set of blow-up points of {U m } m∈N is finite and it consists of isolated simple blow-up points.
The compactness result
Using Proposition 5.1, namely, the assertion that π[g 0 ](y 0 ) = 0, we will verify the conditions necessary to apply the positive mass theorem (described in Lemma 2.4) for 4-manifolds. Note that the number d in (2.10) is 1.
Lemma 7.1. Suppose that N = 4 or 5, y 0 ∈ ∂M is an isolated simple blow-up point of the sequence {U m } m∈N of the solutions to (2.5). If we take κ ≥ 4 in (2.1), we can expand the metric g =g 0 as in (2.10) and (2.11). Proof. Setting κ ≥ 4 in Lemma 2.1 and applying Proposition 5.1, we obtain
where g =g 0 . By (2.11), (2.2), (7.1), the Ricci identity and the symmetry of the integral, the left-hand side of (2.12) equals
for any N ≥ 4. If N = 4, (2.12) immediately follows.
Lemma 7.3. Suppose that N = 4 or 5, and y 0 ∈ ∂M is an isolated simple blow-up point of the sequence {U m } m∈N of the solutions to (2.5). Let G y 0 be the normalized Green's function of the conformal Laplacian with Neumann boundary condition with pole at y 0 , that is, the solution of (2.17). If we choose the integer κ in (2.1) large enough, it holds that
ing 0 -Fermi coordinates centered at y 0 . As a particular consequence, G y 0 is a smooth positive function on M \ {y 0 } which can be expressed as (2.13)-(2.14).
Proof. We will employ Proposition B.2 of [6] , in which Almaraz and Sun constructed the Green's function on manifolds with boundary using parametrices.
According to their result, if there exists a sufficiently large integer κ 0 such that
then one can find a smooth positive solution G y 0 on M \{y 0 } to (2.17) with g =g 0 . Moreover, ifg 0 = exp B for some 2-tensor B on M , then Differentiating (3.4) of [21] |β|-times, we obtain 4) in normal coordinates on ∂M centered at y 0 . Hereh 0 is the restriction ofg 0 to ∂M . In light of (2.1) and (7.4), the coefficient of x β x N in the Taylor expansion of |g 0 | at x = 0 has to be
Thus, if we take κ ≥ κ 0 , all partial derivatives of H of order ≤ κ 0 − 1 must vanish at 0, and so (7.2) holds.
On the other hand, we know that A(x) = O(|x| 2 ) andg 0 = exp A + O(|x| 4 ) from the proof of Lemma 7.1. Therefore, for |α| = 1,
This implies that the right-hand side of (7.3) is bounded by
The proof is finished.
We are now ready to complete the proof of our main result.
Proof of Theorem 1.1. Suppose that y 0 ∈ ∂M is a blow-up point of of the sequence {U m } m∈N of the solutions to (2.5). By Proposition 6.3, it is isolated simple. By Proposition 3.5 and elliptic regularity theory, there also exists a function G = G y 0 and a constant a > 0 such that where W is the Weyl tensor and the last equality comes from the Weyl vanishing theorem (Theorem 6.1 of [40] ). From this observation, he could establish the C 2 -compactness result not only for 6-dimensional manifolds but for 7-dimensional ones as well.
Appendix A. Proof of Lemmas 4.3 and 4.5
Throughout this section, we assume that N ≥ 5. The case N = 4 can be handled similarly.
In order to prove Lemma 4.3, we first need two preliminary observations. If we assume that Φ 2 (x, x N − 1) is radial symmetric, i.e., φ 2 (|x|) = Φ 2 (x, x N − 1), then it is reduced to −φ for r ∈ (0, ∞) and a 2 , a ′ 2 ∈ R. As a result, the assertion in the statement holds. Since the trace of π is assumed to be 0, we have (4.5). This completes the proof. Plugging (4.5) into the right-hand side, we find the boundary condition that U satisfies.
